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We construct a family of cyclic cubic fields with explicit fundamental units. As
an application, we show, assuming Schinzel’s hypothesis H, that there are 3-adic
L-functions with zeros arbitrarily close to s=1.  1997 Academic Press
In a recent paper [12], it was shown that there are 2-adic L-functions
with zeros very close to s=1. In fact, if q=(2 p+1)3 is prime, then the
2-adic L-function for the field Q(- 6q) has a zero ; with |;&1|2=2&( p&3)2
(see [8, 12]). For the recently announced [5] example p=12391,
this yields |;&1|2=2&6194. The proof relied on the fact that the Iwasawa
*-invariant is explicitly known for cyclotomic Z2-extensions of imaginary
quadratic fields, plus the explicit knowledge of the fundamental unit
n2+1+n - n2+2 of the fields Q(- n2+2).
One wonders whether the above phenomena are somehow special to
p=2. If we try to extend these results to p-adic L-functions for larger p, we
are led to consider cyclic extensions of degree p, since it is still possible to
control the relevant *-invariant. When the degree is not p (or a power of
p), the behavior of * appears to be much more random. However, the
theory of units of fields of degree greater than 2 is very undeveloped. For
example, the ‘‘simplest’’ cubic fields [7, 9, 13] and a closely related family
[4] seem to be the only well-known infinite families of cyclic cubic fields
for which explicit fundamental units are known.
In the following, we exhibit another family of cyclic cubic fields and
determine the fundamental units. As a consequence, we are able to show,
modulo Schinzel’s hypothesis H, that there are 3-adic L-functions with
zeros arbitrarily close to s=1.
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1. THE FIELDS
Consider the family of cubic polynomials
Pn(X )=X 3&(n3&2n2+3n&3) X 2&n2X&1
with n # Z, n{1. These polynomials are irreducible and the discriminant is
(n&1)2 (n2+3)2 (n2&3n+3)2.
There are three real roots %1 , %2 , %3 satisfying for |n|4
n3&2n2+3n&4<%1<n3&2n2+3n&2,
&\ 1n2+
1
n3
+
1
n4+<%2<&\
1
n2
+
1
n3+ ,
and
&\1n+
1
n2
&
1
n4
+
2
n6+<%3<&\
1
n
+
1
n2
&
1
n4
+
1
n6+ .
These bounds for the roots were guessed by looking at the decimal
expansions when n=\100. They can be verified by showing that
Pn(upper bound) and Pn(lower bound) have different signs.
The Galois group is generated by the transformation
% [ &
%+1
(n2&n+1) %+n
,
which maps %i to %i+1 (where the indices are taken mod 3).
This family was found by making a list of a, b such that the discriminant
of X 3&aX 2&bX&1 is a square and looking for patterns. However, in
hindsight, the family could be constructed as follows.
Recall that the ‘‘simplest cubic fields’’ are given by the polynomials
X3&nX 2&(n+3) X&1
and the Galois group is generated by the transformation
% [
&1
%+1
.
The matrix N=( 01
&1
1 ) has order 3 in PGL2(Q). Moreover, the product of
%, N%, and N2% is always 1.
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Now consider the matrix
M=\ &1(n2&n+1)
&1
n + ,
which has order 3 in PGL2(Q). We have
% } M% } M2%=%
&%&1
(n2&n+1) %+n
&n%&1
(n2&n+1) %+1
.
In order for this product to be 1, % must be a root of Pn(X). In fact, a small
miracle occurred here: the relation obtained was nPn(%)=0. Fortunately,
all the coefficients were divisible by n so this factor could be removed. If an
arbitrary matrix of order 3 is used, then the coefficient of X3 often does not
divide the other coefficients, so % is not an algebraic integer.
2. THE DISCRIMINANT AND FUNDAMENTAL UNITS
We now determine the discriminant of the number field Kn associated
to Pn(X ). Since the discriminant decomposes into three factors that are
pairwise relatively prime, except possibly for powers of 2 and 3, we can
analyze the contributions from primes p5 separately for each factor.
Let p be an odd prime dividing n&1 and let p be a prime ideal of Kn
above p. Since
Pn(X )#(X&1)(X+1)2 (mod n&1),
the roots of Pn(X) are not all congruent mod p. It follows that the inertia
group cannot be all of Gal(KnQ), hence p is unramified in Kn .
Write n2&3n+3=bc3 with b cubefree. Let p{3 be a prime dividing b.
We have
Pn \X+n
2&3
3 +=X3+(n2&3n+3) \&nX 2+\&23 n3&13 n2+n&1+ X
+(n2&3n+3) \&19 n3&
11
27
n2&
4
9
n&
2
9++1+ .
If ; is a root of this polynomial, then vp(;3)vp(n2&3n+3)>0 and hence
vp(;)>0 and
3vp(;)=vp(;3)=vp(n2&3n+3)0 (mod 3).
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Therefore p must be ramified. Since
1
c3
Pn \cX+n
2&3
3 + # Z _
1
3& [X]
and has discriminant equal to 1c6 times the discriminant of Pn(X ), the
factor of c6 (except possibly for a power of 3) can be removed from the
discriminant of Kn .
We now consider the factor n2+3, which we again write as bc3 with b
cubefree. We have
Pn(X+1)=X3+(n2+3)((&n+2)(X+1)2&X&1),
Let ;=%&1 be a root of this polynomial. If p is a prime with p | b, then
3vp(;)=vp(n2+3)+vp((&n+2)(;+1)2&;&1)vp(n2+3)>0,
so vp(;)>0. If p is unramified, then vp((&n+2)(;+1)2&;&1)#
&vp(n2+3)0 (mod 3). In particular, if p is a prime of Kn above p, then
0#(&n+2)(;+1)2&;+1#1&n (mod p).
Therefore 4#n2+3#0 (mod p), which is impossible unless p=2.
Since
1
c3
Pn(cX+1) # Z[X],
the factor of c6 can be removed from the discriminant of Kn .
If n is even, then 2 does not divide the discriminant of Pn(X). When n
is odd, v2(n2+3)=2. Therefore
1
8
Pn(2X+1)=X3+
n2+3
4 \2(2&n) X2+(3&2n) X+
3&n
2 +
#X3+X+
3&n
2
(mod 2).
This has no roots or two distinct roots in Z2Z. In either case, 2 cannot be
ramified.
Note that if 3 |3 n then the only possible contribution to the discriminant
at 3 is from the factor n&1, which we have already eliminated. If 3 | n then
v3(n2&3n+3)=v3(n2+3)=1. The above argument for the factor n2+3
shows that 3 ramifies.
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Note that if p{3 ramifies then it is tamely ramified, hence contributes
a factor of p2 to the discriminant. When 3 ramifies, it contributes a factor
of 81 to the discriminant (use the conductor-discriminant formula; the
ramification is essentially coming from the cubic subfield of the 9th
cyclotomic field).
We summarize the above in the following.
Theorem 1. Write (n2+3)(n2&3n+3)=bc3 with b cubefree. Then
disc(Kn)=81$ ‘
p | b, p5
p2,
where $=0 if n0 (mod 3) and $=1 if n#0 (mod 3).
Let E1 be the subgroup of the unit group E of Kn generated by \1, %1 ,
%2 (and %3). Since the three roots of Pn(X ) are approximately n3, &1n2,
and &1n, the regulator E1 is approximately 7 log2(n). From [2], the
regulator R of a cyclic cubic field K of discriminant D satisfies
R 116 log
2(D4).
If (n2+3)(n2&3n+3)9$ (with $ as in Theorem 1) is squarefree, then the
discriminant of Kn is approximately n8, so the lower bound for R is
approximately 4 log2(n). It follows that for large n such that (n2+3)
_(n2&3n+3)9$ is squarefree, the index [E : E1] is bounded above by
(74)+=<2. Therefore the index must be 1. In fact, we can treat small n
also. The estimates for the roots of Pn for |n|50 and explicit computation
for |n|<50 show that RE1 (
1
16 log
2(D4))<3 for n{1, 2, so the index
[E : E1] must be 1 or 2. Since both E[\1] and E1 [\1] are modules
over Z[Gal(KnQ)]Norm&Z[‘3], the index must be a norm from Z[‘3],
hence cannot be 2. Therefore E=E1 . A calculation shows that the index
[E : E1]=3 when n=2, so the restriction to n{2 is necessary. We have
proved the following.
Theorem 2. Let n # Z with n{2. Suppose (n2+3)(n2&3n+3)9$ is
squarefree. Then \1, %1 , %2 generate the unit group of the ring of integers
of Kn .
It is now easy to show that the family of polynomials Pn(X ) gives units
not produced by the simplest cubic fields. For example, the regulator of K4
is approximately 10.867, while the regulator obtained from the roots of
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X3&aX2&(a+3) X&1 is larger than 11 when a9. Of course, the
discriminant of K4 is 912, which is not of the form (a2+3a+9)2. But this
does not immediately imply the desired result since we would also need to
consider values of a such that the discriminant of the polynomial is 91
times a removable factor.
3. THE 3-ADIC REGULATOR
Proposition 1. Let RKn , 3 be the 3-adic regulator of Kn . Suppose n runs
through a sequence of positive integers such that (n2+3)(n2&3n+3) is
squarefree and such that n  1 in the 3-adic integers Z3 . Then RK n , 3  0.
Proof. When n  1, we have Pn(X)  X3+X2&X&1=(X+1)2 (X&1).
This forces the roots %i, n of Pn(X ) to approach \1. More explicitly, if the
coefficients of Pn(X ) are within = of those of (X+1)2 (X&1), and %n is a
root of Pn(X), then
|(%n+1)2 (%n&1)| 3=|Pn(%n)&(%n+1)2 (%n&1)|3<=,
so %n must be close to 1 or &1. Therefore the 3-adic logarithm log3(%n) is
close to 0 for each root of Pn(X ), so RKn , 3 is close to 0. K
In fact, the following proposition shows that the situation in the proof
of the above proposition is one of the only ways to make the 3-adic
regulator of a cyclic cubic field small. I do not know of any fields where %
is close to a 13th or 26th root of unity.
Proposition 2. Suppose K runs through a sequence of cyclic cubic fields
such that RK, 3  0. For each K, let %K be a unit of K such that % and its
Galois conjugates generate the unit group (mod \1) of K. Then %26  1 in
C3 (=the completion of the algebraic closure of Q3).
Remark. A unit %K whose conjugates generate EK [\1] always exists,
since EK [\1] is a rank 1 module over the ring Z[Gal(KQ)]Norm,
which is isomorphic to the PID Z[‘3].
Proof (cf. [10]). We assume each K is a subfield of C3 . Since there
are only finitely many cyclic cubic extensions of Q3 , we may assume the
completion of each K gives the same (cyclic cubic or trivial) extension
of Q3 .
Let %, %$, and %" be the conjugates of %K . Then (since %"=\1%%$)
\RK, 3=(log3 %)2+log3 % log3 %$+(log3 %$)2.
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Suppose that there is a subsequence of fields such that log3 % is bounded
away from 0. Then each log3 %$log3 % is close to a root of X2+X+1, so
a subsequence converges to a primitive cube root of unity. Since a 3-adic
completion of a cyclic cubic field cannot contain the quadratic extension
of Q3 generated by a cube root of unity, this is impossible. Therefore
log3 %  0. Since %26#1 modulo the prime above 3, we have %26  1, as
desired. K
4. 3-ADIC L-FUNCTIONS
Let K be a cyclic cubic field and let / and /$ be the two nontrivial
Dirichlet characters associated to K. The 3-adic zeta function of K factors
as
‘K, 3(s)=‘Q , 3(s) L3(s, /) L3(s, /$).
The 3-adic class number formula [11] implies that
L3(1, /) L3(1, /$)=\1&/(3)3 +\1&
/$(3)
3 +
4hRK, 3
- D
,
where h is the class number of K and D is the discriminant. Iwasawa has
shown that there is a power series g(T ) # Z3[[T]] such that
L3(s, /) L3(s, /$)= g((1+3)s&1)
for all s # C3 with |s|1. The Weierstrass preparation theorem (see [11])
implies that
g(T )=Q(T ) U(T )
with U(T ) # Z3[[T]]_ and where Q(T ) is a distinguished polynomial:
Q(T )=X*+a*&1X*&1+ } } } +a0 with 3 | ai for all i*&1. In fact, * is
the Iwasawa *&-invariant for the cyclotomic Z3 -extension of K(‘3).
Kida’s formula [3] (in our case, it also follows from work of G. Gras)
yields
*&1=*&K(‘3)&1=&3+
1
2 : (ep &1),
where the sum is over those primes p |% 3 of K(‘3) that split in K(‘3 )
K(‘3 )+, and where ep =1 or 3 is the ramification index for p in
K(‘3 )Q(‘3).
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Theorem 3. Suppose n runs through a sequence of integers such that
(1) n  1 in Z3 ;
(2) n2+3 is prime;
(3) n2&3n+3= pq, where p and q are primes with p, q\1 (mod 9).
Let =>0. Then, for all n sufficiently large in this sequence, the 3-adic
L-function L3(s, /) for Kn has a zero ;n # C3 with |;n&1|3<=.
Proof. The Galois automorphism of Q3(‘3) that sends ‘3 to ‘23 extends
to a continuous automorphism _ of C3 that maps L3(s, /) to L3(_s, /$).
Therefore it suffices to consider only /. In fact, we will work with the
product L3(s, /) L3(s, /$).
We first determine *, in particular the contribution from  (ep &1). Fix
a value of n. We assume n#1 (mod 9). We only need to consider the
primes other than 3 that ramify in KnQ. Let l=n2+3. Then l#4
(mod 9), so there are exactly 2 primes of Q(‘3 ) above l. Therefore there
are exactly 2 primes of K(‘3 ) above l and both of them split in
K(‘3 )K(‘3)+. Therefore they each contribute 2 to the sum. Similarly,
the primes p and q are 1 (mod 3) (since they divide n2&3n+3) but their
squares are not 1 (mod 9). So they each yield two primes p, each of which
contributes 2, too, to the sum. Therefore, *=4.
Since RK n , 3  0, the 3-adic class number formula implies that Qn(3)  0.
Since the degree of Qn(T ) is 4 (hence bounded), it follows that when n is
sufficiently large Qn(T) has a zero : close to 3. Then ;=log3(1+:)
log3(1+3) is a zero of L3(s, /) L3(s, /$) that is close to 1. K
Does one expect that a sequence of n satisfying (1), (2), (3) exists? Fix
an integer k2 and consider the polynomials
A(X )=(36k(7X&2)+1)2+3
and
B(X )= 17((36k(7X&2)+1)2&3(36k(7X&2)+1)+3) # Z[X]
(the various choices were made in order to make the coefficients of B(X )
integral). Schinzel’s hypothesis H ([6]; see [1] for a quantitative version)
predicts that there are infinitely many positive integers m such that A(m)
and B(m) are simultaneously prime. For such a value of m, let
n=36k(7m&2)+1. Then n is close to 1 3-adically and satisfies (2) and (3)
with p=7 and q=B(m). Note that n#1 (mod 9), hence n2&3n+3#1
(mod 9). Therefore q#17#4 (mod 9). As we let k increase, we
(conjecturally) obtain the desired sequence of integers n.
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Actually, to use hypothesis H, we must check that there is no prime p for
which A(m) B(m) is divisible by p for all m. If p{2, 7, choose m such
that 7m&2#0 (mod p). Then A(m) B(m)#47 (mod p). For p=2, note
that A(m) B(m)#1 (mod 2) for odd m. For p=7, choose m such that
36k(7m&2)#&2 (mod 49). Then A(m) B(m)#4 (mod 7).
As an example, let k=4 and m=1475. Then both A(m) and B(m) are
primes and n=2915520105093364#1 (mod 326). For each root % of Pn(X )
we have
|(%+1)2 (%&1)|33&26,
so % is within 3&13 of \1. Therefore |log3(%)| 33&13, and |RK n , 3 | 33
&26.
Since genus theory contributes a factor of 9 to the class number, the 3-adic
class number formula implies that |Q(3)| 33&26. At least one of the four
zeros : of Q(T ) must satisfy |;&3|33&6.5. This yields a zero ; of one of
the associated 3-adic L-functions with |;&1|33&5.5.
To get zeros arbitrarily close to 1, a much weaker statement than hypo-
thesis H suffices, namely that a product g(m) of 2 irreducible quadratic
polynomials is for infinitely many m a product of a bounded number of
primes p, with the 3-adic valuation of p&1 bounded for each p, and with
some p>m= (= independent of g) occurring to exponent 1 or 2 (this last
condition, which is perhaps the easiest to satisfy, ensures that the units
obtained are of bounded index in the full unit group). Unfortunately, the
proof of this seems to be slightly beyond the limits of current sieve theory.
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